This study presents a stochastic magnetic measurement model that can be used to estimate relative position and orientation. The model predicts the magnetic field generated by a single source coil at the location of the sensor. The model was used in a fusion filter that predicts the change of position and orientation by integration of acceleration and angular velocity measured by inertial sensors. If the uncertainty associated with the position and orientation exceeds a predefined threshold, the filter decides to perform a magnetic update by actuating only that coil which results in the largest reduction of the uncertainty. The difference between the actual magnetic measurement and the prediction of the measurement was used to reduce the drift caused by integration of acceleration and angular velocity. The model is accurate as confirmed by the small rms differences between validation measurements and predictions of the magnetic field using the model. The use of a linearized version of the measurement model for the fusion filter and the appearance of a ferromagnetic object in the vicinity of the source or sensor were defined as two sources of error that may lead to divergence of the fusion filter. Both sources of error were analyzed and it appeared that the linearized model introduces errors which generally increase for sensor locations near the source. Moreover, it appeared that a ferromagnetic object influences the measurements only if it is located near or between the source and the sensor.
Introduction
Human motion tracking comprises the reconstruction of position and orientation of body segments. Several methods exist for the estimation of positions and orientation based on different principles, for example optical, magnetic or acoustic. A common drawback of the existing measurement systems is their restriction to a laboratory environment. A solution to overcome this common drawback is the use of inertial sensors (accelerometers and gyroscopes). The change of position and orientation can be estimated by integration of acceleration and angular velocity, respectively. However, since the sensor signals are rather noisy and can have a fluctuating offset, integration of these signals involved in estimation of orientation and position change introduces integration drift. This drift can be limited by using suitable estimation algorithms [1] [2] [3] [4] , initial and final conditions and limiting the integration time [5, 6] . Still, a stable, robust and ambulatory solution is desired, especially for the estimation of relative position of body segments since the starting position is unknown.
A commonly used solution is to fuse inertial measurements with an aiding system. An example is the use of GPS measurements [7, 8] , but the accuracy is limited partly due to possible loss or degradation of the GPS signal, especially for relative positions between body segments. Other examples are the use of an acoustic time-of-flight measurement system [9] , or an optical [10] , or a magnetic position and orientation tracking system [11] . However, these systems are commonly fixed to a laboratory environment. Recently, it was proposed to fuse inertial sensing with ultra-wide band positioning [12] . An advantage of magnetic tracking compared to ultra-wide band or acoustic tracking is that the human body is transparent for the field applied. Compared to GPS tracking, magnetic tracking does not suffer from the mentioned loss or degradation of the signal, although it is sensitive to disturbances caused by for example ferromagnetic material. Summarizing, it can be concluded that the combination of an inertial measurement system and an ambulatory magnetic tracking system that can minimize errors due to magnetic disturbances may be a good choice to estimate relative positions and orientations of body segments.
An ambulatory magnetic position and orientation measurement system was previously proposed by Roetenberg et al [13] . A major advantage over commercially available systems, like Fastrak (Polhemus) and Flock of Birds (Ascension Technology) as used by Emura and Tachi [11] , is that the magnetic source is worn on the body, which means measurements can be performed during everyday life. Moreover, since the ranges to be covered are generally smaller compared to the available systems, the coil dimensions can be reduced. A drawback is that, besides the movement of the sensor, the movement of the source needs to be estimated. In another study [14] , the measurement system was fused with an inertial sensor system using a complementary Kalman filter structure to correct for the integration drift, and to reduce errors related to magnetic disturbances. Although the results were promising, the method needs to be improved in several aspects. The estimation algorithm [15, 16] , based on a magnetic dipole approximation of the source, requires all three source coils to be actuated at every update, while the update rate is fixed and pre-assigned by the user. Moreover, the calculations did not involve a stochastic measurement model required for sensor fusion applying optimal estimation methods. Such a stochastic measurement model would also allow for an optimal choice of the activation levels. Also, the source consisted of three coils which need to be mounted orthogonally and share the same origin. An algorithm using two source coils was proposed by Paperno et al [17] , but still the two coils needed to be mounted orthogonally and to share the same origin.
In order to apply the ambulatory magnetic position and orientation estimation system more generally, an estimation method is needed which is not based on the dipole approximation and does not require the source coils to be mounted orthogonally or to share the same origin. A fusion filter was designed [18] that combines inertial and magnetic sensing to estimate relative position and orientation of a remote sensor with respect to the source. The system consists of three source coils, but the filter decides to actuate only a single coil when needed and chooses the coil which results in the largest reduction of the uncertainty based on the stochastic model of a single source coil. The objective of this study is to present and validate this stochastic measurement model that predicts the magnetic measurement based on an estimation of the relative position and orientation of the remote sensor with respect to the source. The accuracy of the measurement model is validated using a source coil and a remote sensor at known position and orientation. Moreover, the influence of a ferromagnetic object in the vicinity of the measurement system is analyzed.
Methods

Sensor fusion
The measurement model proposed and evaluated in this paper was used in a fusion filter to estimate relative positions and orientations of a remote sensor with respect to a source [18] . The source consists of one or more coils mounted in a known configuration which can be actuated independently. The remote sensor consists of an inertial sensor (3D accelerometer and 3D gyroscope) and a 3D magnetometer. The inertial sensor is used to predict the change of position and orientation by integration of the sensor signals. Since integration of noisy signals with a fluctuating offset introduces drift, magnetic updates are used to reduce the drift. The fusion filter compares the measurements to a prediction of the measurements using a stochastic magnetic measurement model and updates the estimates of position and orientation based on the difference between prediction and measurement. In general, a stochastic measurement model is described by
where h(x) denotes the nonlinear function which maps the state vector x to the measurement vector y. The additive measurement noise is denoted by v with covariance R v . The process of predicting and updating the estimation of a state variable is schematically depicted in figure 1 . In between magnetic updates, the estimated uncertainty of a state variable σ x increases due to the drift caused by integration of inertial sensor signals. An actuation is required if the estimated uncertainty reaches a predefined maximum σ x,max . Only the coil yielding the largest uncertainty reduction is actuated and the current applied is chosen such that the uncertainty decreases to a predefined minimum σ x,min .
A schematic overview of a configuration with a coil around the z-axis is depicted in figure 2 . The coil frame is denoted by c and the sensor frame by s . The true state vector consists of the relative position and orientation of the sensor frame with respect to the source frame: p 
with I the identity matrix, δp the position error and δθ the orientation error. Consequently, the error state is equal to δx = (δp δθ) T . The tilde operator (˜) defines the matrix form of the standard vector product: To estimate the reduction of the state covariance, we exploit the equations of an extended Kalman filter (EKF). Let P k be the covariance associated with the state δx k at the time instant k. For a Kalman filter, a linear update rule is specified that calculates the Kalman gain K k which is used to transform the difference between actual and predicted measurements from measurement space to state vector space:
where H k denotes a linearized version of the measurement model h(x). It should be noted that a minus superscript ( ) − denotes the a priori estimation of a variable. Thus, by using the linearized measurement model H k , the a posteriori covariance P k is obtained. Moreover, by calculating the reduction of the state uncertainty for each of the coils that can be actuated, the filter can decide which coil needs to be actuated such that the reduction of the state uncertainty is highest.
The nonlinear stochastic measurement model is derived in section 2.2 and validated by experiments that are described in section 2.4. The derivation of the linearized measurement is shown in section 2.3. Two sources of error can be defined which may lead to divergence of the fusion filter. The first source of error is the use of a linearized approximation for the nonlinear measurement model to update the state and covariance (4). The linear approximation introduces errors that are not covered by the update equations and can cause the filter to diverge. Another source of error is the appearance of ferromagnetic objects in the vicinity of the source or the sensor, which can cause the measured magnetic field to deviate from the generated magnetic field. The filter will attribute such a deviation to an error of the state which yields an incorrect state update that may lead to divergence of the filter as well. Both sources of errors will be analyzed and discussed in the following sections.
Measurement model
The estimated measurement vectorŷ is given by the magnetic field generated by the source coil at the location of the sensor B c p c s , expressed in sensor coordinates [18] :
The expression for the magnetic fieldB c p c s at the location of the sensor generated by the actuated source coil is derived by applying the Biot-Savart law [19] , resulting in
with μ 0 the magnetic permeability of vacuum (4π × 10
, N the number of windings, I the current applied, b the radius of the coil, and
It should be noted that the indices ( ) c s have been omitted for readability. Solving the elliptic integrals E(k) and K(k) for every time step can be rather time consuming. The expression for the magnetic flux density (6) can be simplified by assuming that the point of interest satisfies p 2 x +p 2 y +p 2 z b, which means that the coil is viewed as a magnetic dipole resulting in
Linearized measurement model
In order to determine the reduction of the uncertainty associated with the state and to determine which coil has to be actuated, the first-order linearized measurement model (Jacobian) needs to be derived. The Jacobian H, consisting of the partial derivatives of the function h (x) with respect to the error state δx, is given by 
The partial derivatives of the estimated field to the orientation are given by
withB s the estimation of the magnetic field generated by the source at the location of the sensor expressed in sensor coordinates.
Experimental methods
To evaluate the performance of the stochastic magnetic measurement model, several aspects of the stochastic measurement model were validated by experiments. The measurement setup consisted of an x-y positioning table with a single coil around the x-axis at the origin as shown in figure 3 . It should be noted that the z-position was not varied during the measurements, since the magnetic field generated by the coils is axially symmetric. Moreover, the orientation of the sensor was not changed during the measurements as this will not affect the strength of the magnetic field, but the distribution of the individual components only. An error in the estimation of orientation will, however, affect the update of the states calculated by the fusion filter. The measurements were done using the magnetometer (thin film magnetoresistive) of a MTx sensor (Xsens Technologies B.V.). The signals were acquired at a sample rate of 100 Hz. The noise level of the sensors σ v was determined to be 0.3 mG. During the actuation, the magnetometer measures the sum of the Earth's magnetic field and the actuated magnetic field. Pulse values were extracted by detecting sudden changes on the magnetometer signal after a magnetic actuation, and subtracting the signal without actuation from the signal with actuation. The coil was a circular coil with 50 windings and a radius of 0.055 m. The coil was actuated each second at a current of 0.91 A using a pulse width of 100 ms (ten samples).
The experiment consisted of three parts. First, the accuracy of the nonlinear measurement model was validated by placing the sensor at known positions and measuring the responses. The positions are indicated by the dots in figure 3 and were chosen to cover the largest part of the magnetic field in the measurement volume. The accuracy was evaluated by comparing the responses to a prediction of the magnetic field at the known magnetic field at the known positions using the nonlinear model. Both the figure 3 . Subsequently, the position was varied around the initial position in steps of 5 mm in positive x and y directions with a maximum of 5 cm. The accuracy of the change of the magnetic field was evaluated by comparison to the change predicted by the Jacobian using the dipole approximation as well as the analytical model. Third, the influence of a ferromagnetic disturbance was evaluated by placing the sensor at a fixed position ((x, y) = (0.3, 0.1) m, circle in figure 3 ) and a ferromagnetic object (iron cylinder with a radius and a height of 0.05 m) at several positions around the sensor, as indicated by the squares in figure 3 . By comparing the disturbed response at each position of the ferromagnetic object to the undisturbed response, the influence of the disturbance is determined.
Results
Validation of the nonlinear measurement model
For validation of the nonlinear measurement model, the sensor was placed at positions indicated by the dots in figure 3 . A comparison between the measured magnetic field components and the predicted magnetic field components for varying x positions and a few constant y positions using the analytical model and the dipole approximation is shown in figure 4 . The analytical model is accurate, as confirmed by the rms differences which were calculated as 0.50 ± 0.22 mG (mean ± standard deviation) for the x direction and 0.14 ± 0.06 mG for the y direction. Moreover, the figure clearly indicates the increasing error of the dipole approximation for sensor locations near the source. The rms differences using the dipole approximation were calculated as 0.53 ± 0.27 mG for the x direction and 0.18 ± 0.15 mG for the y direction.
To construct figure 4 and to calculate the rms differences, all samples except the first and the last of each pulse were used for averaging. The first and last samples were not used, because they may have occurred in the rising or falling edge of a pulse. To prevent the magnetic field to change by sensor movement during a pulse, the number of samples should be as small as possible. This will, however, decrease the accuracy which is graphically depicted in figure 5 
Validation of the linearized measurement model
A comparison of the change of magnetic field components by an increase of the sensor position in the x direction starting at position (x, y) = (0.3, 0.1) m is shown in figure 6 . The figure clearly shows the error caused by the linear approximation of the nonlinear field using the Jacobian. As expected, the error increases more when the dipole approximation is used, compared to when the analytical model is used. In order to analyze the errors caused by the use of the linearized measurement model, the percentage difference between the magnetic fields estimated by the linearized and nonlinear models was calculated at a predefined uncertainty of the estimated position for the complete measurement volume (figure 7). The predefined uncertainty, which can be viewed as the position change in figure 6 , was chosen to be 0.03 m for the x and y directions as an example. The percentage difference is calculated by dividing the magnitude of the field difference between the linearized model and the nonlinear model at the predefined uncertainty (0.03 m) by the magnitude of the field at the current position. The figure shows an increase in percentage difference due to the use of the linearized model for sensor locations near the source. Since we used a linear approximation of the nonlinear measurement model, the error levels (figure 7) can be viewed as the higher order terms of the Taylor approximation of the nonlinear measurement model, of which the second-order term will be dominant. This is confirmed by the similar shape of the levels in figure 7 compared to figure 8 , which shows the magnitude of the second-order spatial derivative divided by the magnitude of the magnetic field.
Influence of a ferromagnetic disturbance
The influence of a ferromagnetic object on the measurements of the magnetic field is indicated in figure 9 . The figure shows the percentage difference for the x and y directions between the disturbed and undisturbed magnetic fields with the sensor at a fixed position ((x, y) = (0.3, 0.1) m), and varying positions of the ferromagnetic object ( figure 3 ). The percentage difference at the location of the sensor due to the use of the linearized model for an uncertainty of 0.03 m in the x and y directions (figure 7) is indicated by the solid and dashed lines, respectively. From the figure it becomes clear that the measurements will be influenced only when the ferromagnetic object is located near or between the source and the sensor.
To analyze the effect of a ferromagnetic disturbance on the estimation of position and orientation, updates of the state and covariance were calculated in a disturbed and an undisturbed environment using (4) . Assume the sensor to be located at position p used, the percentage differences were calculated to be 6%,18% and 6% for the x, y and z directions, respectively. Yet, the reduction of the covariance P k is updated equally, yielding inconsistent behaviour of the filter in a disturbed environment.
Discussion
In this study, a stochastic measurement model is proposed that can be used in a fusion filter to estimate relative positions and orientations [18] . The model is used to predict the magnetic field generated by a single coil, measured by a remote 3D magnetic sensor, based on an estimation of the relative position and orientation of the remote sensor with respect to the source. The main advantage of this model is that it allows the filter to decide to actuate only when necessary, and to actuate only the coil with the largest contribution to the reduction of the uncertainty associated with the position and orientation estimation. The model is validated using a single coil in a 2D setup, which is sufficient since the magnetic field of a single coil is axial symmetric. Compared to existing models (e.g. [13] ), the calculations are not based on the dipole approximation of the source and do not require the source coils to be mounted orthogonally or to share the same origin. The model is accurate, which is confirmed by the small rms differences between the predicted magnetic field and the measured magnetic field. When the dipole approximation is used, the errors increase as expected, especially for sensor locations near the source coil. The use of a linearized measurement model to update the state and the appearance of a ferromagnetic object in the vicinity of the source and the sensor were defined as two sources of error that may lead to divergence of the fusion filter. It appeared that the linearized model introduces errors which generally increase for sensor locations near the source. Moreover, it was shown that the errors are dependent on the second-order spatial derivative of the magnetic field. As expected [21, 22] , it appeared that a ferromagnetic object influences the measurements only if it is located near or between the source and the sensor, making the system insensitive for most ferromagnetic objects in the environment. It was shown in section 3.3 that a ferromagnetic object in the vicinity of the sensor may lead to inconsistent behaviour of the fusion filter. It should be noted that a part of the error for both the disturbed and undisturbed cases is caused by the use of the linearized model. To prevent inconsistent behaviour of the filter, the filter should be updated regularly to limit the growth of the state uncertainty. Moreover, it is important to remove any ferromagnetic objects in the vicinity of the source or the sensor. Unlike heading estimation systems using the Earth's magnetic field [23] , the proposed measurement system is insensitive to ferromagnetic objects in the environment outside the range of the configuration.
The disturbance due to a ferromagnetic object in the vicinity of the source or the sensor can be caused by two phenomena, eddy currents and ferromagnetism. Eddy currents are induced in conductive objects in the vicinity of the source or the sensor by a changing magnetic field, which occurs during the rising and falling edges of a magnetic pulse. After the pulse has reached its steady-state value, the eddy currents decay at an exponential rate with a time constant defined by the ratio between inductance and resistance of the object [19] . For the iron object used in the experiments, the time constant will be in the order of microseconds. This means that the eddy currents did not have a noticeable effect on the experiments performed in the present study, since the sample time was set to 10 ms. The magnetization field produced by ferromagnetic materials in the vicinity of the source or the sensor persists while the magnetic actuation is applied, where the magnitude of the magnetization field depends on the permeability of the material. This means that the disturbances presented in figure 9 can be attributed to ferromagnetism. Figure 5 indicates that a large number of samples are preferable for accuracy, but must be kept small to limit the disturbance caused by movements during a pulse. The time needed to acquire enough samples can be decreased by increasing the sample frequency of the magnetometers. However, as stated, eddy currents will be induced due to the rising and falling edge of a pulse, which will generate secondary magnetic fields in conducting objects near the source or the sensor. Before sampling at high frequency, some time should be allowed for the eddy currents to decay. When sampling at high frequency, the bandwidth of the magnetometer noise should be kept in mind to prevent correlation between measurement noise samples.
The measurement setup used in this study was able to generate constant (dc) magnetic fields only. It could be interesting to investigate the use of time varying (ac) magnetic fields. The main reason to use dc magnetic fields is that they are less sensitive to metallic object interference, since only the rising and falling edge of a pulse will generate eddy currents. AC magnetic fields offer the possibility of actuating multiple coils simultaneously while less energy is used. However, the changing magnetic field induces eddy currents continuously, which need to be taken into account. Moreover, the equations used to predict the magnetic field will become time dependent which increases the complexity. Still, from an energetic point of view, it is interesting to investigate the possibility of using ac magnetic fields.
The coil used for the experiments was a circular coil consisting of 50 windings which were assumed to be of infinitesimal thickness. In reality, however, each individual winding will have a certain thickness and the coil does not necessarily have to be in a perfect circular shape. This incorrect assumption introduces a systematic error into the system that will be different for each coil configuration. An improvement could be to model each individual coil by applying the Biot-Savart law [19] , or by using a numerical lookup table for the magnetic field at each position and orientation. In principle, for the method proposed, any coil geometry can be used, as long as the mapping function h(x) and its partial derivatives are known. For human motion applications, the coils could be placed around body segments or integrated within clothes such that it does not impede normal functioning. Moreover, the dimensions of the coil (e.g. number of windings, coil radius) can be optimized with respect to the range that should be covered by that coil. Also, several coil radii or higher actuation currents can be used when large distances need to be covered. For a sufficient signal-to-noise ratio, the range of the coil used in the current setup is limited to about 80 cm.
The measurement model proposed in the present study was used in an adaptive filter structure using three source coils in a successive study [18] . The state variables, the position and orientation of the source and sensors, were estimated using the accelerometer and gyroscope signals of inertial sensors. The filter estimated the uncertainty associated with each state variable. If the uncertainty associated with one of the state variables exceeded a predefined threshold, the filter decided to perform a magnetic actuation using a single coil each time. The equations used to update the state (4) were used to choose the coil resulting in the largest reduction of the uncertainty. The average rms error was 0.033 m for the position and 3.6
• for the orientation. Compared to another study [14] , the proposed system showed lower accuracy for the relative position (position error approximately five times larger) and comparable accuracy for the relative orientation. Yet, significant improvements were achieved for the update rate, and pulse width using a Kalman filter running real time. Moreover, the filter used the stochastic model described in this study to decide when to actuate and to choose which coil to actuate. A system using this stochastic model is not based on a specific coil configuration allowing flexibility in the design of the system, and will show a reduction of the energy consumption due to minimal actuation.
